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SPACES OF COMPACT OPERATORS 
AND THEIR DUAL SPACES 

BY 

MOSHE FEDER AND PIERRE SAPHAR 

ABSTRACT 

Let E and F be reflexive Banach spaces and ~(E, F) the space of all compact 
linear operators from E to F. A representation of the dual space of ~(E, F) is 
given and it is proved that ~(E,F) is either reflexive or nonconjugate. 
Applications of these results are also given. 

1. Introduction 

In 1957 R. Schatten [11] proved that, i f H  is an infinite dimensional Hilbert  

space,  the space Cr of all compac t  linear t ransformat ions  f rom H to H 

equipped with the sup norm is not a conjugate space. Let  E and F be Banach 

spaces and cr (E, F )  the space of all compac t  linear t ransformat ions  f rom E to 

F equipped with the sup norm. It is natural to ask if it is possible to generalize 

the result of Schatten. We know that, in special cases,  Cr F )  is reflexive. (For 

example ,  if E = I p, F = I q, 1 < q < p < + oo, cf. J. R. Holub [6].) In Section 4 of  

this paper  the following result is proved.  

THEOREM. Let E and F be reflexive Banach spaces. Then, ~ ( E , F )  is either 

reflexive or nonconjugate. 

To obtain this result, we give in Section 3, a representat ion of the dual space 

of ~ ( E , F )  as a quotient space of the complet ion of the tensor  product  

F*QE** equipped with the project ive norm ~r, in some special cases.  

2. Preliminaries and notations 

l) All the Banach spaces that shall be considered are over  the same field K, 

the real or the complex field. The Banach spaces are equipped in general with 

the norm topology. Let  E be a Banach space, E*  the conjugate space of E. We 

denote  by ~ (E ,  E*)  the weak topology on E defined by the duality between E 

and E* .  One says E is a conjugate  space if there exists a Banach space X such 

that X*  = E, as Banach spaces.  
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2) Let E and F be Banach spaces. We denote by ~ ( E ,  F)  the space of all 

linear continuous transformations, or"' operators ", from E to F, ~ ( E , F )  the 

space of all compact, linear transformations from E to F, ~ ( E ,  F)  the space 
of all compact linear transformations from E to F which are limits in the norm 

topology of linear continuous transformations of finite rank. All these spaces 

equipped with the norm of operators are Banach spaces. The norm of an 

element x of E is denoted by ]Ix II; the norm of an element T of LP(E, F)  is 

denoted by II TII. We denote by T* the transposed transformation of T from F* 

to E* and by T** the transformation (T*)*. We say that a linear continuous 

transformation T from E to F is a quotient map if T is onto and if E /ker  T and 

F are canonically isometric. 

3) Let E be a Banach space; we set: 

For all ~ /> 0 and x E E we denote 

B(x, T1)={y ly E E 

and Hxll_-<l} 

and ][xll= 1}. 

and IIx - Y l I < , 7 ) .  

Let E be a real Banach space and M a convex subset of E. A point x of M is 

called a strongly exposed point of M if there exists x * E  E* such that: for 

every e > 0 ,  there exists 8 > 0 ,  such that for all z E M \ B ( x , e )  we have 

{x - z, x*) _-> 6. In this case, we say that x is strongly exposed by x*. One sees 

easily that if x is a strongly exposed point of U(E) (by x*) then ix, x*) = [Ix*ll. 

From J. Lindenstrauss [9] and S. Troyanski [ 14] (see also M. Day [ 1 ]) one knows 

that in a Banach space every convex weakly compact set is the closed convex 

hull of its set of strongly exposed points. 

4) Let  u be an element of E ~)F,  

(1) u = ~ x , @ y , ,  x , ~ E ,  y, E F .  
i = l  

We define II u = inf E, IIx, II II y, II, the infimum being taken over all the represen- 
tations of u of the form (1). One knows that ~r is a Q norm (cf. [5] or [10] for 

the definition of a Q norm). We denote by E~,~F the completion of E(~F 
equipped with ~'. If u ~ E ~ , F  there is a representation (cf. A. Grothendieck 

[4] or R. Schatten [ll]) 

(2) u = ~ x , ~ y ,  with ~ f[x~ll Ily, ll < + ~ .  
i ~ 1  i = 1  
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Moreover, Ilu II,~ = inf x, llx, II Ily,][, the infimum being taken over all the rep- 

resentations of u of the form (2). Let F, be another Banach space and let 

T E ~(F,F,).  We define Tu = Y.,=,x, t~Ty,; the element Tu E E t~,,F, and 

IITulI,~<=IITII Ilull~.There exists a natural transformation from E*~, ,F  to 
~ (E ,  F). If T E ~(E ,  F)  is in the image of this transformation, one says that T 

is nuclear. The space of nuclear transformations from E to F is denoted by 

N,(E, F). The space N~(E, F) is a quotient space of E*~,~F. If E* or F has the 

approximation property (see [5]), one knows that E*~),,F. and Nj(E, F) can be 

identified as Banach spaces. 

5) Let u EE*~,~E, u =XT~tx*Qx, with x.o, llx, II IIx*,ll< +~.  The func- 

tional u- - , t r (u)  = XT=t(x,x*) is well defined, linear and of norm less than or 

equal to 1 (cf. [4]). R. Schatten [12] showed t ha t (E ~ ,F )*  = ~(F,E*). If 

u E E(~,,F and T ~ ~ (F ,  E*), the duality between E ~ , , F  and ~ (F ,  E*) is 

expressed by the formula: (u, Ti = tr(Tu). 

6) Let e be the Q norm on E@F induced by ..~(E*,F) and E ~ , F  the 

completion of E Q F  equipped with e. Let L(F, E*) be the Banach space of all 

integral operators from F to E* (cf. [4] or [10]). A. Grothendieck [4] showed 

that ( E ~ F ) *  = I,(F,E*). 
7) In general, N,(F,E*)CI,(F,E*). One knows (cf. J. Diestell [2] or C. 

Stegall [ 13]) that if F* (resp E*) has the Radon-Nikodym Property (RNP), then 

for every Banach space E (resp F) N~(F, E*) = L(F, E*) as linear topological 

spaces (see also the remark following Theorem 1). In particular, it is the case if 

E or F is reflexive. 

3. On the dual of ~ ( E , F )  

THEOREM 1. Let E and F be Banach spaces such that E** or F* has the 
RNP and ~(E,F)  the space of all compact operators from E to F. Let 
v E F*~,~E**, T • ~ (E ,F) ,  V the transformation from F*~ ,E**  to 

(V~(E,F))* defined by (T, V(v))=tr(T**v). Then: 

1) The transformation V is a quotient map. Moreover, for all ~ E 

(<r F))*, there exists v E F*~),E**,  such that ~b = V(v) and 1]$ II = IIv II . 
2) If B~ is the canonical transformation from F*~ ,E**  onto L(F,E**),  

then ker V Cker B~. 

PROOF. Let v E F*~.E**.  Then the transformation T--*tr(T**v)from 
~(E, F)  to the scalar field is linear and continuous. Let V be the transformation 

from F*~,,E** to (~g(E, F))* defined by (T, V(v)) = tr(T**v). It is clear that V 

is linear and continuous and of norm less than or equal to 1. 
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a) Suppose that E** has the RNP. Let F be U(F*), i the canonical injection 

of F into i| and J the isometry from qg (E, F) to E*~,I| defined for all 

T E :~(E, F), by J (T)  = iT. 
Since E** has the RNP and (I~(F))* the metric approximation property (cf. 

A. Grothendieck [5]), it is clear that I,(I| E**) = (/| as Banach 

spaces. Then we have the following diagram: 

(/| -,,< 
i*@1~.. 

F*(~,,E** 

(~ (E ,F) )*  

We shall show that this diagram is commutative: 

Let tz E (I| x** E E**, T E ~g(E, F). Then: 

(T, J*(Iz @x **)) = (JfT),/z ~)x **) 

= (iT, iz (~x **) 

= ((iT)*(~), x **) 

= (/x, (iT)**(x**)). 

On the other hand: 

( i* |  1 ~..) (~ |  **) = i *(~ ) |  ** 

(T, V(i*(t t  )@x **)) = tr(T** o (i *(/z )@x **)) 

= ( i * ( / z ) ,  T**x**) 

= (iz, (iT)**x **). 

Let v = t~@x**. We see that: 

J*(v ) = (V( i*@ln. . ) ) (v  ). 
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It follows that the same is true for all v E (I| Hence the diagram is 

commutative. But J is an isometry. Then J* is surjective and so is V. Let 

E (q~(E,F))*.  There exists u ~ (I| such that, for all T E ~(E ,F) ,  

d~(T) = t r (u iT)  

= (J(T),  u) 

= ( T , J * u ) ,  

and: 

II* II = It u II~. 

Let u = (i*@l~..)(u). We have: 

v ( v )  = r 

and: 

JJ, 11 --< II v L ----Jl u II. -- J], II. 

Thus, [[ ~ I[ = [I v []~. Result 1 is obtained for this case. 

b) Suppose now that F* has the RNP. We know that there exist a set F~ 

and a canonical quotient map j of 1 ~(F,) onto E. Let J be the isometry from 
q~ (E, F) to (1 ' (Fd)*~ ,F  defined by J(T) = Tj for all T~  cr (E, F). Since F* has 

the RNP and (1 ~(Ft))** the metric approximation property (cf. A. Grothendieck 

[5]), it follows that: 

I , (F,  1 ~(F0)**) = F * ~ .  (1 ~(F,))** 

as Banach spaces. We have the following diagram: 

F*|  (! '(r))** 

l~.| 

F*(~,,E** 

(~(E, F))* 
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One shows easily that this diagram is commutative. Now it is possible to obtain 

result 1 as in part a). We now have to prove result 2. Let B~ be the canonical 

transformation from F * ~ E * *  to L(F,E**).  Since E** or F* has the RNP, 

we know that I,(F, E**) is isomorphic to (F*~,,E**)/ker B,. But (E*(~,F)* = 

L(F,E**) and also E * ~ F  C~r It ~ollows immediately from the first 

part that ker V Cker B~. 

REMARK I. By using the method of Theorem 1 we can prove the following: 

Let E and F be Banach spaces such that E* or F*  has the RNP. Then 

N,(F,E*) = L(F,E*)  as Banach spaces. Moreover, if B~ is the canonical map 
from F * ~ , , E *  onto I,(F,E*), then for all TEI1(F ,E*) ,  there exists 

u ~ F*~,~E such that 

B,(u)= T and 

II u I1,~ = i,(T), where i~(T) is the integral norm of T 

(cf. [4] or [10]). 

COROLLARY 1.1. If  E** or F* has the RNP, (~(E,F)** can be identified 
isometrically with a subspace of  ~(E**,F**) .  By this identification, the 
canonical transformation from Cr to (~(E,F))** maps T to T**. 

PROOF. The transformation V is a quotient map. Then we can identify 

(CO(E, F))** with a subspace of ~(E**,  F**) by the transformation V* which 

is an isometry. Let J, be the transformation T - ~ T * *  from Cr 

~(E**,  F**) and J2 the canonical transformation from qg(E,F) to (qg(E,F))**. 

To conclude the proof, it is sufficient to prove that Jt = V*Jz. 
Let v E F*(~,~E** and T E ~(E, F). We have: 

(T, V(v)) = (V(v),J2(T)) = (v, V*J2(T)). 
But 

(T, V(v)) = tr(T**v) = (v,J,(T)). 

The result follows. 

Corollaries 1.2 and 1.3 are both generalizations and special cases of results of 

D. R. Lewis [8] and N. J. Kalton [17]. 

COROLLARY 1.2. Suppose that E** or F* has the R N P  and let (Ta) be a 
bounded net in CO(E, F). Then the following conditions are equivalent: 

l) T~ convergence to 0 weakly (that is to say, for the topology cr(C~(E, F), 

(~(E, F))*), 
2) For all x** E E** and y * E F * ,  (y*, T~**x**) converges to O. 



44 M. FEDER AND P. SAPHAR Israel J. Math., 

PROOF. 1) ~ 2). Suppose that 1) is true. Let x** ~ E** and y* ~ F*. The 

functional T---~(y*,T**x**) on Cr is linear and continuous. Hence 2) 

follows. 

2) f f  1). Let 4~ ~(~(E ,F) )* .  ,,There exists u ~ F * ( ~ E * *  such that 

~b(T~) = tr(T**u). It follows from 2) by a standard argument that tr(T**u) 

converges to 0. 

COROLLARY 1.3. Let E and F be reflexive Banach spaces, m a positive real 
number and (T,) a sequence in CO(E, F) such that II T. II <- m. Then, there exists a 
subsequence (T,k) of (T,) such that (T,k) is a weak Cauchy sequence. 

PROOF. There exists a subsequence (Tnk) such that for all x E E and 

y * E  F*, (T,~x, y*) is a convergent sequence (adapt the method of Y. Gordon, 

D. R. Lewis and J. R. Retherford [15], p. 115, for this case). Let Sk = T,~. From 

an observation of Pe~'czy~ski, it is sufficient to prove that for all increasing 

subsequences of indices k~, Sk,~,- S~, converges to 0 weakly. It is clear from 

Corollary 1.2. 

From Theorem 1, it is also possible to obtain the following result of Holub 

[7]: 

COROLLARY 1.4. Let E and F be reflexive Banach spaces. If s F )=  
~(E,  F), then ~(E ,  F) is reflexive. 

PROOF. If E and F are reflexive, we have from Corollary 2, ~ ( E , F ) C  

(~r Since the canonical transformation from ~ ( E , F )  to 

(CO(E, F))** is the transformation T ~  T (Corollary 2), the result follows. 

RE,lARK 2. The result obtained in Theorem 1 is in a certain sense best 

possible: If E**, for example, does not have the RNP, we shall show that there 

exists a Banach space F such that the map V is not surjective. In this case, one 

knows by C. Stegall [12] that there exists a Banach space F such that 

NI(F, E**)!~ Ii(F, E**). Let T be an integral operator from F to E** which is 

not nuclear, K be the unit ball of F* equipped with the weak * topology, i the 

cannonical map from F to the Banach space of continuous functions on K, 

C(K).  We know (cf. A. Grothendieck [4]) that there exists a positive measure/x 

on K such that if L ' (K,  IX) denotes the Banach space of classes of functions 

defined on K, with scalar values, integrable with respect to Ix, we have the 

following factorization of T: 

i j , U 
T:F---~C(K)---~L (K, IX)--~ E**, 
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] being the canonical map from C(K) to L ~(K,/x ) and U linear and continuous. 

It is clear that Uj is integral and not nuclear. Then 

N,(C(K),E**)~L(C(K),E**). Take here F=C(K).  It is clear that 

~(E,  C(K)) = E*~,C(K). Then, (~(E,  C(K)))* = II(C(K),E**). The map V 

from (C(K))*~E** to (~(E,C(K)))* is here the canonical map from 

(C(K))*~E** to  L(C(K), E**). Since N~(C(K), E**) ~ L(C(K), E**), this 

map is not surjective. 

It is possible to obtain an analogous result if F* fails to have the RNP. 

REMARK 3. Generally, if E and F are reflexive Banach spaces then 

(~(E, F))** C~?(E, F). If also E or F has the approximation property, then 

equality holds, i.e., (~(E, F))** -- ~ (E ,  F). It is natural to ask if equality must 

always be true even when both E and F fail to have the approximation 

property. We now give a counter-example. Let E be the subspace of lP(p > 2) 

demonstrated by F. E. Alexander [16] to have the following properties: 

l ~ E fails to have the approximation property; 

2 ~ . ~ ( E , E ) ~ ( E , E ) ,  
and, as shown by A. M. Davie (oral communication): 

3 ~ There does not exist a bounded net (T~) of compact operators such that 

Tax-->x for every x in E. 

Now, let B, and V be the maps defined in Theorem 1 where F = E. 

By 1 ~ it follows that ker B, ~ (0). Also, by 2 ~ it follows that ker V ~  ker B,. 

By 3 ~ we shall see that (qC(E,E))** ~ .~(E,E) and thus ker V ~  (0). I' 
Suppose, to the contrary, that (qC(E, E))** =G#(E,E), then U,, the unit ball 

of qC(E,E), is dense in U2, the unit ball of ~(E,E), for the weak* topology 

cr(~(E, E), E * ~ E ) .  Since E is reflexive, it follows that U, is dense in U2 for 

the weak operator topology. By [3], p. 477, Corollary 5, it follows that 
U, is dense in U2 for the strong operator topology, in contradiction to 3 ~ Hence 

3 ~ implies (~(E, E))**~ ~(E,E). It follows that ker V~  (0). 

To resume, we have for this space E, 

(0) ~ kerV Cker B,. 

4. Spaces of compact operators 

THEOREM 2. Let E and F be reflexive Banach spaces and G a closed linear 
subspace of Cr which contains ~ ( E , F ) .  Then G is either reflexive or 
nonconjugate. 
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PaooF. Since E is reflexive we know by Theorem 1 that there exists a 

canonical quotient map V from F*~,,E onto (~(E,  F))*. Let J be the inclusion 

map from G to ~(E,F) and a = J*V. It is clear that a is also a quotient map. 

Suppose that G is the conjugate of a Banach space X. Then we may consider X 

as a subspace of X** = G*. We shall consider two cases: 

Case a) The scalar field is real. 

Let  x and y* be strongly exposed points of U(E) and U(F*) respectively. 

Suppose the points x and y* are exposed by x* and y respectively and we may 

assume that IIx*ll = I ly II-- 1. One knows (cf. Preliminaries, part 3) that: 

Ilx II = Ilx*ll = Ily II = Ily*ll = (x ,x*> = (y, y*>--  1. 

Let  e be a positive number. Then there exists a real number & 0 < 8 < 1, 

such that: 

For all zEU(E)\B(x,e) ,  (x -z ,x*)~ '8  and 

For all z*~U(F*)\B(y*,e),  ( y , y * - z * ) - - - 8 .  

The element x*~)y is in G = X* and tIx*@Y H, = 1. Hence there exists v ~ X 

such that IIv II < 1 + min(e& 1) and (v ,x* (~y )=  1. The transformation a is a 

quotient map; thus there exists u ~ F*~ ,E  such that a(u)= v and Ilu I1~ < 
1 + min (es, 1). 

There is a representation of u of the form u = E,~lhjy*(~x, such that for all i, 

x, _-__0, IIx, ll=lly*,ll= 1 and E,A, < 1 + min(eS, 1). 

We may also assume that (x, x*) >-- 0, for all i. We define the following subsets 

of the set of the natural numbers N:  

I = { i l i ~ S ,  I I x - x ,  l l < ~  a n d l l y * - y ? l l < e } ,  

Since 

L = N\L 

1 = (v ,x*Qy)  = ( ~ ( u ) , x * ~ y ) ,  

we have 

(*) 
1 = ~ h~ (x,,x*) (y,y*,). 

i = l  

Then: 

I < _ - Z A , + ( 1 - ~ ) Z  A,, 
i E l  i ~ L  

i l l  i E L  
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Thus: 
< 1  - 1 )  

~ A~<e. 
i E L  

Now we shall estimate ]1 u -  y*@x II,~ : 

,,, .li,  ,.| 

+l ~,r*|174 
But, 

If i E L  we have: 

II Y ,~@X, - y *@x [[,~ ----< 1[ y*@x, - y*@x 1],~ + 11 y*@x - y *@x II. 

Thus: 
<2e .  

I ~_~A,y*@x, - ~ A,y*~xll,~<2e ~ Ai < 4e. 

Also: 

But: 

-e<I-s 
i E L  i m l  l ~ L  

= ~  A,- 1---<~ A,- 1 <e.  
i E l  i = 1  

Hence: 

I ~ x , - l l < e .  
i • l  
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1= R e ( ~  A,(x,, x*)(y, y*)) 

= ~ A, (x,, x *)Re ((y, y ~}), 
i = l  

1 = ~ Ad(xOg(YT). 

And it is possible to finish the proof as in case a). 

<_-6e. 

But a-~(x) is closed. And it follows that y * ~ x  E a-f(X). 
Let x be a strongly exposed point of U(E) and y$ E U(F*). From the results 

of Lindenstrauss and Troyanski (cf. Preliminaries, part 3) it is clear that we also 

have y $ ~ x  E a-~(X). 
Let xo ~ U(E) and y $ E U(F*). By the same reasoning we obtain y $~Xo 

a -'(X). 
Then, it follows that F*~,,E = o~-~(X) or: 

X = a ( F *  ~ , ,E)  = X**. 
Thus, X is reflexive. 

Case b) The scalar field is complex. 

If A is a complex Banach space, we denote by A, the space A considered 

over the real field. 

If A is reflexive, so is At. 

Let x and y* be strongly exposed points of U(E,) and U((F*L) respectively. 

Suppose that x and y* are exposed by [ E (Er)* and g C ((F*),)*, respectively 

with H.fl[ = Ilg II = 1. Define x* ~ E* and y ~ F by (z,x*)= [(z ) -  i[(iz), for all 
z ~ E, (i 2 = - 1) and (y,z*) = g(z*)- ig(iz*), for all z* E F*. One knows that 

Ilx* II = II y II = I. 
Let e >0.  There exists a number & 0 < 6  < 1, such that: 

For all z ~ U(E)\B(x,~) [(x-z)->_6, 

For all z*~ U(F*)\B(y*,e), g(y*-z*)>_-6.  

We define v and u as in case a). There is a representation of u which has the 

same properties; A, >= 0, II x, II -- II y*, II = 1 and (x,, x*} real nonnegative. 
In place of Equation (*) we now have: 
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COROLLARY 2.1. Let E and F be reflexive Banach spaces such that E or F 

has the approximation property. I[ ~(E,  F) ~ ~ (E ,  F), then ~(E, F) is noncon- 

jugate. 

PROOF. One knows (cf.A. Grothendick [4]) that in the conditions of the 

Corollary, (qg(E, F))** = ~ (E ,  F), then, ~(E, F)  is non reflexive and the result 

follows from Theorem 2. 

We now have a generalization of a result of R. Schatten, [11]: 

COROLLARY 2.2. Let E be a reflexive Banach space which has the approxi- 

mation property and is of inlinite dimension. Then ~(E, E) is non-conjugate. 

PROOF. It is clear from Corollary 2.1. 
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